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ABSTRACT . Consider the difference equation
A B

=t

- ,A>0,B>0, n=012,.. 6))
Xn xn—.{

X

with initial conditions xpx.; <0 , and we find initial points x.; and x, for
which Eq.(1) in well defined for ali > 0 .If {x,} is such a solution then this

is positive or negative after » = np, or alternative sign for n =-1,0,1,2,...If the
solution finely maintains the sign then converges [4].Eq.(1) has 2- periodic
solution with two cycle vB—-A, —vB—A ,when Be(d,+ ).

We consider the case

-1 B
Xn1

B8>0, n=012.. 2)

with initial conditions x.;x, <0 [2].
We show that every solution of the equation (2) , with x_;xp <0 is such that
XpXp-; <0,Vn=0 and converges to the periodic two solution +B+1,

—+B+1 (2o) which is locally asymptotically stable .
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1. INTRODUCTION

We consider the difference equation

4. B

X xn—I

LA>0, B>0, n=0,12.. (1)

and we assume the initial conditions x.;x, such that x.;x, <0. [2]
From the relation x.;x, <0 we have

x;<0, x>0 or x;>0, <0,



o

and

4 B Bx,
X =—d— = Zpedt—
X, X_; :

b |

= x;x5 <A ,since xxp<0.
From the relation
x1xp<A ,if Ax_; +Bx,#0 ,

it follows that 0<xxp<A (i)
or Xixp <0<A4. (ﬁl)
A B B
For n=], Xo=—+— = xgx_;:A"'i
% % %y

we have the following two cases :
e if (i) is wuethen xxx;>0,

e if (ii;) is wue then Xxo.x;<A4.
If x:x;<A istruethen it follows (if Ax, + Bx; #0)

0<x;x; <A (12)
or  xx;<0<A4. (i)
For n=2, =2+ = zx=4+52,

we have the following two cases :
e if (ip) istruethen x;x; >0,

e if (iip)is true then xsx. <A4.
If xsx; <A is true then it follows (if Ax, + Bx, #0)
0<x5x;<A4 (is)
or xzx<0<A4. (iis)

We continue similarly for x., xs,...
We observe from the above that :

PROPOSITION : Consider the difference equation (1) with x.;xp < 0, if
existy np20 suchthat x, ,,x, >0 then we shall have Xp-x, > 0, Vu2ny,

otherwise we shall have xp-x, <0, Va0, if x,#0,Vn= 0

2. EXISTENCE OF SOLUTIONS

On note that we have
A B %
X, =—+-— = xx,=—LA+B = xx,<B ,
xo x—f xo

since x.;x; <0 from hypothesis.
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THEOREM1: If x,>0 , x_1<—§xo <0 (resp.if x,<0,
B
X_; >_——sz >0) then x; >0 (tesp x; <0) and we have x,,,x, >0 ,Vn=0 |

Also, if x,>0 , —%xg <x_,; <0 (resp. if x,<0, 0<x_,<—§xo)

then x; <0 (resp. x, >0 ) and we have the statements of the proposition (&1).

Proof
£
We have z, =i+_B_z_Ax-f Bx,
X0 X XpX_;

>0 (since x,x_;, <0) and

0 < x,x, =A+&<A :
X

From the proposition (&1) it follows that x,.,x, >0, Vrn=0.
Also, from the relation (we can see that x, <0)

gl o e A 5o

Xy
X5 X,
A B
and X, =—+— , we have
X X

o if x0>—§xj>0 then x,x,>0 and x,.,x,>0,Vn21,

s if O<m; <—-§x‘7 then x;x, <0 and produce the statements of the
proposition (&1) . —

Respectively , from the relation ( we can see now that x, >0)

A B Ax_
x=—+— = 0<xx,=—2L+B<B

A B
and x,=—+-— wehave
X X

‘ifx0<—§xj<0 then x;x,>0 and x,,x,>0 ,Vr>1I, .

s B y
o if —zxf <x, <0 then wehave x,x, <0 and produce the statements

of the proposition (&1) .
. B B
We have x, >0,(orx, <0) since x,x, <Oand x, <—AJq <0 (or = <%,y <)
We observe that (inthecase x,<0,0<x_, <—-§x0 )

B B?
0<x; <— = -
x_j ij

L=—x% %0
A
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and if x_jxas—7<0 then xa<—£x1<0

B
and , mustbe x, <—/B <0 (since 0<x_1<—:i:-xo ).

. , 2
On note that ~£[£+i}<x0<0 = LN “ X5 <0
Xy Xy Xo -1
from which it follows
2
2] e 2 0<xﬁj<—£xg ;
g X, A

Thus , the two relations can both hold , respectively.
Similarly , we prove the other case .

We shall also prove that  XuX,-; >0 Vn2n, and 0 <xpx,.; <A |
Vn=ng+1, cannot both hold . :
Indeed , if x.%,-; > 0, Vn 2> ny then we distinguish the following two
cases :

if x>0, x>0, Vn—12n, then

xn+1:_i+ B >i :> xnxn—:-..' >A>0

Xn xn—l' ‘xn

b}

e if x,<0, x,.;<0, Vn-1>n, then

4 B 4 B 4
X,y =—% ==X, = + - =
xn Xn-i —Xn — X -X

(B M0, P Ao, , A,
Thus , if XX.-; >0, VR 2no, then XyX,o; > A>0, Vn=ny + I , holds.

Conclusions : From the conditions of the Theorem 1 the solution {x. } ofthe

difference equation (1) is defined forall n=0,12,.. and we have the
statements :

e if ny exists such that Xp41Xn, >0 then

XnetXn >0 ,Nn=ny , ny+1,...

which means that the solution has constant sign (positive or negative)for 7 > n,.
® otherwise we have X,-1x, <0, Vn =0,1,2,... which means that the
solution has alternative sign for n =-7,0,1,2, ... (fx,# 0, ¥n).
We then have the following statements :
) if solution {x, }of Eq.(1) has constant sign then (see[4]) it converges to number
v4+B (if positive ) or to number —v 4+ B (ifnegative ), where 4> 0,
B>0.

observe that if B> 4 > 0 then Eq.(1) has the 2-periodic solution , with two
cycle VB-4 ,-vB-4 .

one solution {x,} of Eq. (1) can have alternative sign if :

B

T)



L

B
for ——g-_x_,<x0<0 ; 0<x__,<~—;—i—x0 (then x;>0)

or for 0<x0<—-§x1 , —§x0<x__,<0 (then x;, <0) hold,

and thereisno 7, suchthat x, .;x, 20.
On note that if the above alternating solution {x.} of Eq.(1) converges,

then it should converge to zero , which is absurd .

3. BACKWARD SOLUTIONS

We consider the difference eq_uation

xﬂ+1=_—'—+ i 3“'4)0: B>0: _n=0:_]:“2:--- (1)’
' Xn Xn-1 . :
We have the points
n=0 rZAJ--‘-._B,.
£y X
n=-1 D:—Aw+i = xx,=—=+2RB
X X =3
B
n=-2 ;= 2 B =5 X =d et et
Xy Ko X

o If x>0, x;<0 (since xpx;<0) then x>0 and 0<xmx,<B.
Since x.,x;<0 it followsthat x;<0.

) Bx_
From therelation x.x;=4 + 2 ;
X 4

since x>>0, x5 <0 ,it follows x,> 0.

Hence we have the solution ¢, } , n=10,-1,-2,... of Eq. (1) with
alternative sign .

o If x<0, x;>0 (since xpx;<0 by hypéthesis)thcn
Xx2<0 and O0<xpx;<2A.

Since x.x, <0 it follows x;>0.

Hence we have the solution {x,}, n=0-1-2,..., of Eq. (1) with
alternative sign . _

Evidently, this solution of Eg. (1) with alternative sign cannot converges .

When B>4>0 then Eq. (1) has the 2-pcnod1c solution with two cycle

VB-4 ,-JB-4, Be(4,+x).




4. STABILITY

Consider the difference equation

xn+1 =:_J+ B ] B>0 3 n=0,],2,.._. (2)

P Xp—t

n

We observe that , when x.;x, < (0 then :

-1 R =X
. X} =—+— = x_,x,=—=+B>0
Xp X X,
which means that x.;x; > 0 ,
-1 B —X
° X;= — 4= = X,x,=—>+B>0
X X Xy

which means that x>x,> 0 ,
and we find , generally , that x.Xx,.; <0 ,n=0,12,...

It is easy to see that (2) has 2-periodic solution with two cycle vB+1 ,
—«vB+1 , B>0 ().

We set
foay=—Ls2
x ¥
then
o _ 1 og__5
a_xz : ay" yz

We have , from the linearized analysis of Eq. (2) mtwocycle X=vB+1 ,

$=—/B+1 ,that

Yot =L (5503, - ¥ w509 =0 A=012.

oy
1 B
= - + =0 , n=012.. 3
Yat =g 17" T el 3)
where is here
1 B
[ =, B>0
P=7371 1T+



Then the criterium of asymptotically stability of Eq. (3) ([1])
lpl<g+1<2
hold .On note that 2-periodic solution of Eq.(2) to go over the zero solution
of the first linear approximation (3) which is locally asymptotically stable .
We observe , also , that Eq.(2) has the equilibriums vB-1 , —vB-1 ,
where Be(l,+w).
The first linear approximation about the equilibriums is

1 B
— + =0 ,n=012.. 3)
yn+1 B_Jyn B Jyn—l ( )

and it is not hold the criterium of asympotically stability

lpl<g+1<2,
where
1 B
= ; =—— , Be(l,+w).
A 7y {57)
On continue the study of stability of Eq. (3)'.
The characteristic equation of Eq. (3) is
B

s 1
iR Y W= )| - B Y, PN ) 4
e S ( I — 4 4)

and has the roots

, _1+1-4B(B-1) _1-\1-4B(B-1)

“ HE—1) ? R o)

We consider the discrimination ~ A(B) =-4B° +4B+1 , B> 1:

«if AB)=0=B= J_+2£ and Eq. (4) has the double root
i

Ji=dp= >1

! NI

then instability .
o if BE(I, ”3‘5J when AB) >0 and |A]>1, |42]>1,

then instability .

o if Be[" *;5 ,+ooJ when 4(B) <0 and the roots of Eq.(4)

are complex with modulus 7 :
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— if B=—3— when »=———=], then stability,
2 2(B-1)

= >/
2 B-1

then instability .

—if B> 2 or BE(J+J§ ; —J when 72 =
2 2
We have , summarily , the results :
e if Be (1 : %J then instability of Eq. (3)' and of Eq. (2) in equilibriums
e if B=

g then stability of Eq. (3)' , without conclusion for Eq. (2).

e if B> % then instability of Eq. (3)' and of Eq. (2) in equilibriums .

THEOREM 2: We assume that {x,} is a none equilibrium solution of Eq.(2) ,
with x.,x, < 0, which defined forall n=0.

Then the solution {x,} converges totwocycle ¥vB+1 , —vB+1 (2) of
2-periodic solution of Eq. (2).

Proof

‘We have show in the introduction that , if for initial conditions x.;, x; hold

XX <0 then x,x,-,<0 , Vn=0 forasolution {x,} of Eq.(2).
We suppose that xz, > 0 and x2.+; <0 ,for n=0,12,...
For Nz 0 let

My zmln{sz_z s XN 5 Xon Hx2N+1}-’

My =max{x;y; , ~Xon_g » Xon » —Xoner } -

It follows from Eq.(2)

Xopar = =L, = 5 B =0k 2, e vvirpises (2.1)
x.?n xZn—J
X;, = B s =012 . (2.2)
Xon-1  Xan-z
then
-1 B -1 B
Xonsa + = ,n=],2,...
e x2n+! x2n - I s B _1 B




The function

-1 B I B
+ = +
] B ] B 1 B 1 B
——t = = Y —F =
X y y = X —y —y 4

f(xy.z)=

is increasing in x>0, y<0, z>0.
Therefore , for » =N, we obtain

! B 1 B :
5 = -+ < o =M s
Fawe2 T B 7. B 1B 1 N

B
+ =
Yoy (Xonop)  (—Xon—g) Xanes My My My My

-1 B 1 B
T =— >-M
T B e 1 B 1, B =
(—Xone1)  Xow Yoy (—Xayoy)
. =4 . B 1 N B
e Xoves  Fanao 1 + B | ! + B
Xonez  (Xayer)  (—Xoner)  Zon
1 B
< + =M
I B 1 B i
- +
My My My My
and by induction x,, <My for n 2N and -x,,.; <My, for n>N.
We prove, similarly, that x,, >my for n >N and - Xone =My,
for n=2 N.
We write the difference equation (2.1) in the form
B
— Koy = ! + ,n=012.. 2.1y
xEn _x2n-1
and Eq. (2.2
B Bt 4 D " peim. .2y

in

T Xon-r  Kon-2

We assume that x;, > 0 and Xxz.-; <0, n=0,12,... thenthe sequence
{ya } , where
Vo =Xz , fn=2k and Y, =—Xn; ,if n=2k+]
is a positive sequence y, > 0 , Vn = 0 and bounded (since my <y, <My,
for k=N).
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From Egs. (2.1) and (2.2) implies that the sequence {y, } is a positive

solution of difference equation
2 B
yn+J ==t
Vn yn-l

It was shown in [4] (see Theorem ) that every positive solution of the
difference equation (2)' converges to the positive equilibrium +B+17 .

Thus , the subsequences of the positive solution {y. } of Eq. (2Y
Yok =x%, k=0,1,2...... and yo-s = =Xz , k=01,2,... converges, also,
the same limit +B+17 .

Finally , we have show that

lim x,, =vB+1 and lim x,p,,=—B+1
k=00 k—rto0

,B>0, n=012,.. Q)
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